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Abstract 

In brane world string models with large extra dimensions, there are processes where 
fermion and antifermion (or two gluons) can annihilate producing a light particle (e.g. 
gluon) carrying transverse momentum and a Kaluza-Klein graviton or an excited closed 
string that propagates in the extra dimensions. In high energy colliders, this process gives 
a missing momentum signature. We compute the total cross section for this process within 
the context of type II superstring theory in the presence of a D brane. This includes all 
missing energy sources for this string theory model up to s = 8Mf, and it can be used to 
put new limits on the string scale Mg. 
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1 Introduction 

The existence of D branes has opened the possibility that our universe may have large (as 
compared to a fundamental or string length) extra dimensions where only gravity propagates [1]. 
Because the gravitational force is weak, the size of extra dimensions might be as large as 0(0.1) 
mm [2], for two large extra dimensions, and 0(10“^^) mm, for six large extra dimensions. Large 
extra dimensions imply that gravitational forces can become strong already at 1-10 TeV. This 
leads to the exciting prospective that quantum gravity effects could be seen at LHC. 

String theory provides a theoretical framework to study the possible quantum gravity physics 
at the TeV scale. An interesting process is the production of closed string states, gravitons but 
also other massless and massive states, that will propagate in the extra dimensions and will 
appear as missing energy in the experiments [3]. 

Studies of such processes where the closed string is a Kaluza-Klein graviton appeared in the 
literature [4-7] (other effects of Kaluza-Klein particles were investigated in [8-11]). Here we 
will focus on processes with quarks and gluons in the initial states and an arbitrary (missing) 
closed string state and a gluon or a quark in the hnal state. 

We will follow the approach of [7]: in the ten-dimensional spacetime there are N coincident 
D3 branes stretched out in three uncompact dimensions (our observed world), and the remaining 
6 dimensions are compactihed on a torus with periodicity {27rRm), m = 1, ..., 6 . The massless 
states associated with open strings that end on the D3 brane are described by A/” = 4 super 
Yang-Mills theory with gauge group U(N) and the massless spectrum of open string states is 
thus given by the A/” = 4 supermultiplet. Following [7] we reinterpret its vectors and spinors as 
gluon and quarks. 

The present model [7] is oversimplihed, but it is already capable of illustrating in a quan¬ 
titative way the pattern that one should expect to measure in a high energy collider due to 
missing energy processes, when the CM (center of mass) energy overcomes the string scale. We 
have made accurate calculations, taking care of factors 2 and tt, even though we are aware that 
this is not a precision test of string theory. 
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We study the scattering of two gluons or of a quark and an anti-quark or of a gluon and 
a quark giving as a final state a (missing) massless or massive closed string and a gluon or a 
quark having a sizeable transverse momentum with respect to the incident beam. Hopefully 
the hnal state will experimentally appear as a detectable violation of transverse momentum 
conservation. 

We consider the limit of transverse momentum pt small as compared to the string momen¬ 
tum scale Mg = (but, given that Mg > 0(1) TeV, pt could be large as, say, 0.05 TeV 

or even more). In this limit we obtain a very simple expression for the cross-section, in the 
form of the stringy cross-section for producing the closed string state from the initial state, as 
a function of the total CM energy only, times a simple factor containing the dependence on px 
and the emission angle 9. In a sense our case resembles a breehmsstralung process where the 
“soft” emitted particle is the hnal gluon (or quark). 

The string-theory cross-section for producing the closed string state from a initial state 
made of two open strings can be obtained exactly from the imaginary part of the forward 
scattering of two open strings at one non-planar loop. This scattering amplitude is known in 
closed form in ten dimensions [12,13], and it can be easily generalized to the case of open strings 
on a Dp brane [7]. The cross section obtained in this way holds for any energy and encodes 
all the allowed NS-NS and R-R (ten-dimensional) massless and massive closed string states, 
incorporating also the Kaluza-Klein contribution. This method is particularly useful in string 
theory, given the rapid growth of the number of states at higher masses (for example, in type 
II theory for level number = 1 there are already some thousands of propagating degrees of 
freedom). 

Of course, in computing the imaginary part we do not meet any of the divergences, which 
instead can occur in the real part (the divergences in the real part led to some puzzles in the 
evaluation of diagrams with virtual intermediate KK closed string states [6,7,9]). 

One distinctive feature of string theory, as opposed to other attempts to incorporate gravity 
in the theory, is the occurrence of an inhnite number of unstable excited states, which appears 
as resonances in the cross-section. 

In the present case the resonances are due to open string intermediate states of mass = 
N, with odd N. These are essentially the poles that appear in scattering amplitudes in D branes 
involving two open and one closed string found by [14]. This characterizing signature of string 
theory could be seen in missing transverse momentum processes in colliders -and at the parton 
level it is particularly clean- by looking at the dependence of the cross-section on s (the total 
CM energy squared) either at hxed px and 6, or also after integrating over those variables in 
their allowed range. 

We present our results for 0 < a's < 8, corresponding to the production of closed string 
states with (ten-dimensional) mass a'M^ = AN and iV = 0,1. 

One crucial ingredient to make quantitative estimates are the resonance widths that regu¬ 
larize the poles. They are typically given by agMg times some numerical coefficient, where ag 
is the strong coupling constant, ag = We have estimated the widths of the hrst resonances 
for various channels (using the results of ref. [7]) and used them as indicative average widths 
of the higher ones. ^ We hnd two typical widths: S.Aag Mg and 7.4 q;s Mg for gluon-gluon and 
quark-antiquark initial states respectively; the comparison of the results for the two cases can 
give an idea on the dependence on the widths. 

^For a calculation of widths of closed string states, see [15]. 
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Furthermore, some splitting of the resonance multiplets will occur, due in particular to 
supersymmetry breaking. This will lead to a splitting of some peaks in the cross section (this 
splitting will eventually smoothed out when including the effect of the parton distributions). 

Plots of the parton level cross-sections for gg —> g+missing and qq g+missing are 

shown in section 5. We hnd parton level cross-sections of order 25pb x 
respectively, for the hrst peak. 


1 TeV^ Ypl) X ^ 


M? 


M? 


2 Total cross section for open+open to closed string 


The particles in a high energy collider (electron-positron or qnarks and gluons) are represented 
in the string model by massless open string states. In this section we are interested in the total 
cross-section for two open massless string states going into an arbitrary closed string state, in 
the presence of a D3 brane. In the absence of extra emission of a visible particle, this process is 
not observed in colliders, since the closed string state escapes to other dimensions and it cannot 
be detected. However, we consider this process in detail since it will illustrate the method and 
some formulas will be used for the calculation of the missing-momentum process of section 4. 

Let us consider, for the beginning, the case of a Dp-brane in general. Take as p)*, P 2 , = 

0,1,...,3 the momentum of the ingoing open strings and P^, p = 0,1,..., 9, the momentum 
of the outgoing closed string. The center of mass energy is s = 2pi ■ p 2 , with metric = 
diag(l, —1, —1, —1). In the presence of the brane, translational invariance is broken in 9 — p 
transverse directions and there is only conservation of momentum along the p directions of the 
brane. We choose the center of mass frame where Pp = (Pq, 0, Pm), m = p+1 ,..., 9. In general, 
the formula for the cross section is as follows: 


(72^1 (s) = — 


d^P 


2s J 2(27r)9Po 
1 r d^-pp 

Ys] 2(27r)8-pPo 


\A2^iW2tt)P5^p\pi+P2 - P)(27r)(5(Pi + - sj+ P^) 


\A2^iY5{Ei + E2-\^ M‘^ + P^) 


= Vol(H8-p)^(27r)^-«|H2^i(5)r(s - 


27r 2 


Voi(n8_,) = 

V 2 


( 2 , 1 ) 


Remarkably, the cross section does not have a peak at s = M^. On the contrary, it vanishes. 
The reason is that now s = is a threshold for the prodnction of the state which in general 
will have Pm transverse momentum components, and right on the threshold s = the phase 
space vanishes. 

The total cross section for the production of an arbitrary closed string state from two 
open string states can be obtained directly by taking the imaginary part of the amplitude 
corresponding to the non-planar annulus diagram for forward scattering of 2 —> 2 open strings 
(with two vertex operators on the outer boundary, and two vertex operators on the inner 
boundary). This amplitude was obtained long ago by Green and Schwarz [12,13]. In the 
presence of a Dp-brane, we modify it by inserting, in the integrand over the modulus r, the 
factor (7rr)“^ to take into account the non-conservation of the momentum transverse to the 
Dp-brane (see the analysis below and also [7]): 


A 


Dp 


= J\fpK2 


—2oi's 


7T 


dr 


p—9 


TTT] 


dz/i2(sin7rz/i2)' 


dz/i3(sin7rz/i3) °‘'"G{q,Vi) (2.2) 
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where 


^ ^ -r^ (1 - 2cos(27rz/i3)g^"~^ + - 2cos(27rt.24)g^"~^ + 

(l ~ 2 cos(27rz/i2)g^"' + ^(l — 2 cos(27ri^i3)q'2^ + ^ 

(2.3) 

Setting .^1 = .^4 , .^2 = ■Cs) ^ = 0, s = —u (forward scattering), the kinematical factor for the 
case of two gluons reduces to (see [13]) 

K = {a's)%-^,^,-U = {»^sYe2e,, (2.4) 

while for the case of two fermions (in the forward case 1 —>■ 4, 2 —3) 

K = 2{a's)a'ui'j'^ui U2'J^U2 ■ (2.5) 

As we will take into account color quantum numbers later on, here we omit Chan-Paton factors 
and, for a D3-brane, we take the same normalization constant A /3 as in [7] 

A/ij = (P = 3) . (2.6) 

Consider the expansion in powers of q, 

G{q, i^i) = Cnq"' = 1 + Cig + C2q‘^ + ... (2-7) 

n 

The odd powers of q drop out after integration in i/j. Upon integration in r, the n power of q 
produces a pole (for p = 9) or a cut (for other p) at a's = 2n, with n = 2N, and A^ is a positive 
integer corresponding to the level of the string excitation. This reproduces the spectrum of the 
free closed superstring, a'M'^ = AN. In conclusion, amplitude Ajjp has cuts and its imaginary 
part picks new contributions as s is increased from zero anytime it crosses a's = 4, 8 ,12,... etc. 
This is computed using the formula 

Im f dx . . ( 2 . 8 ) 

J r(Q!) 

This corresponds to having a closed string as intermediate state. The reason of a cut, rather 
than a pole, is the presence of the Dp brane. The phsyical process going on is as follows: 
The two initial open strings meet into a single open string that propagates on the brane. The 
endpoints of this open string then meet and the resulting open string goes into the bulk. Its 
transverse momentum is absorbed by the brane. It is this intermediate state made of closed 
string plus brane that produces the cut. By using the optical theorem, we compute the total 
cross section for producing the closed string going into the bulk: 

(t(s) = -ImA^jp . (2.9) 

s 

The single open string propagating on the brane (just before the closed string is produced) will 
give rise to poles in the cross section. Such poles have first been observed by [14]. 

Let us first compute the cross section up to a's < 4. In this case, we can set G = 1, since 
the remaining powers of q give no contribution to the imaginary part. This will give the level 
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= 0 contribution, describing the production of (Kaluza-Klein) gravitons. Using the formula 
(EHD, we obtain 


Im A 


Dp 


= Ur, K 


TT 


(^) 


7 -p 

2 


r(V) 


7 -p 


(iz /(2 sin TTz/) 


’ nV) I Ar(i-^f) 


Using the optical theorem, we have 


'.\2 


7 -p 

do = A 4 ^ 2 j I 2 2 j 


/,x2 


r(V) r(i-^) 


s < 


( 2 . 10 ) 


( 2 , 11 ) 


This can be compared with m when M = 0. We see that the volume factor Vol(f28-p) has 

7—p 

emerged automatically, as expected, and also the power of s^~ coming from phase space. It 
agrees with [14] where the amplitude for graviton emission from the brane was computed. The 
full cross section (ITTTl) includes -in addition to the graviton- the emission of other Neveu- 
Schwarz Neveu-Schwarz as well as Ramond-Ramond states. 


The cross section fimi) is valid up to a's = 4. As mentioned before, for a's > 4 there is 
a new contribution to the imaginary part due to the opening of a new channel corresponding 
to = 1 level. Including this contribution will give the exact expression for the total cross 
section up to a's = 8 . For a's > 8 there will appear a new contribution to the imaginary part 
corresponding to A^ = 2 level. The coefficient of the quadratic term in G is 


C 2 = 2 (a's cos(27rz/i2) + l) (a's cos(27ri7i3) + l])+ 2 (a's )2 sin(27ri7i2) sin(27ri/i3)+2(a's)2 —2 ( 2 . 12 ) 


We will use the basic formula 

/ dxismiTTx)) (cos(7rx)) =—B( — I —, —h fe) = — ^ 2 — 2 — ^ (2.13) 

io ^ ^ ^ ^ TT ^2 2’2 ^ 7rr(l + f + &) ^ ^ 

The hnal result for the cross section is 

a = ao(s) + 9{a's — 4) cri(s) . (2-14) 

where 9{x) is the step function and 


2 Wa's ,i^2-2“'W(1-4^)2 

(Ji(s) = UpK —Q-(-2) ^ - U —-— 

n ) P 2 ^ r(l - ^^)2 


B, 


B = 


(a's)2 


7— + 1 + (a's) — 1 . 


(2.15) 


(2.16) 


.2(1-^) 

In conclusion, for the case of a D3-brane, we hnd the following formula for the total cross 
section (for an initial state with two gauge vectors): 

„2 


t^o(s) = 7r4(eie2)^(^) 


^ o —2 q; st/1 a s\ 


a3(s) = 87r^(e^e2^) 


M^MU r(i-^)2 

U s a's 9 - —U 

i(c2c‘i\ “s * _ 2j ^^2 B 


M^MU 2 


r(i_ c^)2 


(2.17) 

(2.18) 
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3 Limits on cross sections and widths of open string 
states 


Consider a process a ^ b, with a number of resonances in the intermediate channel, with 
possibly different widths (as this is the typical case in string theory). 

In our case, in particular, we have as hrst open string resonances: four scalars, one spin 1 
and one spin 2 resonances, denoted as |0q=i^2,3,4), l^^i) and |n 2 ), respectively. They occur for 
a's = 1 (masses = (a')“ 2 ) and couple to various helicities (see [7]). 

The general cross-section formula for resonances of the same mass is 


16 71 . 


1 ) 


J 


(s 


M2)2 + r2M2 ’ 


(3.1) 


where we have indicated as |a) the initial states, as \b) the hnal ones (in our case, the closed 
string states). The sum is over resonances with different spin j, whose total decay rate is Tj 
(Tja 6 are partial width). Af is the multiplicity of the initial states, that is the number of possible 
polarizations times a possible Bose symmetry factor. 

This formula can be obtained from unitarity (see appendix (A)), generalizing a similar 
formula given in [16]. 

In general T^- = Tja + Tjb + Tj^other, so that 


F F 1 

^ j,b ^ ^ 

r2 “4 

3 


(3,2) 


and the bound for s = is 


a < 


4:71 

m!J7 


+ 1), 


(3.3) 


Considering the various initial states and the related resonances (see below, in the text), we get 
the bounds: {(Tgg) < ^ for the gluon-gluon initial state and {(Tgg) < ^ for the quark-antiquark 
one. 

Using the results of [7], we can actually compute the width of the resonances for a's = 1. 

In the formula (ITT71) the width is put to zero. We can compare it for a's —> 1 with (ED) 
when we similarly consider T^ ^ 0 in the denominator. Putting a's = 1 + y, with ?/ —> 0 we 
get 


/ 4 2 

a TT a^ 


1 1 


± 1 ,Ibvr 1 \ 

—7 = " + I 

7ry^ J\J 


a 


F F 

/ J- jgJ- jb 

y2 


(3.4) 


According to [7] the various resonances couple to some specihc initial states (we consider 
QCD particles - gluon g and quark q - rather than QED particles as in [7]). Note that the 
resonances in our case are colourless. 


gR(L)gR(L) —^ |0i(02)), qR(L)qR(L) ^ IO 3 , (O 4 )), gugR |2), quQR ^ |1)2) 
Take for instance gR{L)gR(L)- Here Afgg = 1/2 and using Toi{gL{R)gL{R)) from [7] we End 


7l 


— vaTo2fc — —tts 


(3.5) 
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Similarly we get 

TT^ TT^ TT^ 

V^ro36 = v^ro46 = , v^Fib = —, \fa'Y2h = • (3.6) 

We now have to estimate the total widths, by summing over all possible decay channels. 
In principle we should then include also weakly and QED interacting particles, but we neglect 
this contribution since the relevant coupling constant is one order of magnitude less then as- 
In this way we End: 

TT^ 2 

Toi = ro2 = (2 + —)«<! Ms , Eos = ro4 = (9 + ^)q!s Ms , (3.7) 

o 

ri = (^ + ^KM. , + M. = ^. (3.8) 


The cross-sections. In principle we should also know the widths of the higher open string 
resonances {a's = 3,5,7). As an estimate we simply use the same width for all of them, 
obtained by averaging over the various widths for a's = 1, for the initial states \gg) or \qq). 
Numerically we take (os = 0.1) 


r = 

^ 99 


Y - 

J- qq 


3 3 AO 

(Eos + ro4 + El + r2) 



TT^, CKo 


(3.9) 

+ 

2 

0.34 Ms , 

1, 

119 77r2, 

as 

(3.10) 

4*- 

5 ^ 12 ' 

) * = 0.74 Ms . 

V a' 


These are the values we have used in plotting the cross-sections with formula with the 

substitution (EH). Note that Egg is larger than Egg due to the sum over generations and flavours. 

A further comment: the bound (USD is independent of the normalization (EH) and also our 
results will be less sensitive to the the normalization than one could have expected. In fact, 
a change in the normalization of the LHS of dH, will affect the determination of Tjb (in the 
numerator of (EH)), and in turn the total width Eg (in the denominator (ofEH). Thus there 
will be some compensation, and even more after integrating the cross-section over an interval 
of the total energy. 


4 Cross section for missing energy processes in colliders 

In [4], the cross section for the process of Kaluza-Klein graviton G emission in electron-positron 
annihilation, e^e“ —*■ yG, was determined. This process gives a missing-energy signature, which 
has been used by LEP2 experiments [17] to put constraints on the size of extra dimensions. This 
process was further studied in [5], in particular, in [6,7], where the string theory corrections 
were computed. 

In general, a process gluon-|-gluon (or fermion-|-antifermion) —> gluon -|- missing transverse 
momentum can have many contributions of different origin. In string theory, in addition to 
the graviton considered in [6,7], there are also states from the Neveu-Schwarz Neveu-Schwarz 
and Ramond-Ramond sectors which contribute to the cross section. In particular, there are 
massless NS-NS and RR states which in four dimensions are scalar or vector particles. They 
are expected to get a mass because a potential is generated for the scalars and the U(l) gauge 









symmetry is also broken by mechanisms which are strongly model dependent, involving fluxes, 
compactiflcation scales and details of supersymmetry breaking. Their expected masses are also 
model dependent. Here we treat them as massless, which is justified if their masses are much 
smaller than the string scale. 

Here we will compute the cross-section which will include, in addition to the process of 
Kaluza-Klein graviton emission studied in earlier works, emission of RR states and emission of 
closed string states of the first excited. The contribution from the first excited closed string 
states appears for a's > 4. 

Thus the total cross-section obtained here represents the full cross section for missing energy 
processes that takes into account all possible string state production up to s < 8M^. These 
results can be used to put new constraints on the string scale. 

We consider the amplitude 


Ac = A{a + h ^ C + c) (4.1) 

where a, h, g are gluons or quarks and C is a (missing) closed string state. The closed string state 
C has momentum = {Ec,Pc, ^i), h = 0, ...,9, i = 4,..., 9, with Aj being the components 
transverse to the brane. Its mass in ten dimensions is = E'^—pc'^ — AA. This corresponds to 
a four dimensional mass equal to M| = E'^—pc'^ = M^ + A^. Since the six extra dimensions are 
compactifled on a 6-torus, A* are quantized in units of inverse radius of the toroidal directions. 
When the extra dimensions are very large compared to the TeV scale we can consider A* as a 
continuous variable and for simplicity we make this assumption here. We have also considered 
the case of two large and and four small extra dimensions, and obtained very similar results, 
reported in Sect. El 

For center of mass energies ^/s < 2Ms, the particle C can only be a massless closed string 
state. The cross section picks an important extra contribution when ^/s > 2Ms coming from 
all bosonic closed string states of the N = 1 level, with mass M = 2Ms. The final cross section 
will be a function of s, Me, the missing energy Ec and of the scattering angle 9. It is important 
to note that in ordinary four dimensional processes, the four-point amplitudes depend on two 
kinematical variables, e.g. s and t, or s and 6. The reason of the dependence on s, Ec and 6 in 
the present case is due to the momentum non-conservation in the directions transverse to the 
brane. 

We will consider as initial states in the collision: i) two gluons, ii) quark and antiquark, iii) 
quark and gluon (an initial state of two quarks cannot produce a colorless closed string state). 


In cases i,ii) the final particle c is a gluon, in the case iii) it is a quark. 

We begin by illustrating the general computation taking the case i). 

We consider the CM frame, with momenta and polarization tensors as follows: 

Pjl = {Pa,Pa) , pI = (Pa, -Pa) , P^p'"^ = p\p^^ = 0 , (4.2) 

p 1 = (PePe) , = {Ec, -Pc, Ai) , p^p'^f^ = 0 , El-Pc^ - A^ = Ml , (4.3) 

Ec+Pc = 2pa , (4.4) 

c ■ p* = 0 , Co = 0 > i = a,b,c . (4.5) 
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We consider the case in which the gluon c is soft, i.e. it carries an energy much less than the 
string scale. More precisely, we assume Pc << In the CM frame, s = 4p^. Since the 

string theory corrections are signihcant for s > 0{Ms) and Mg > 0(1 TeV), the gluon c could 
even carry energies as large as, say, 0.1 TeV, and the present approximation will miss only 
corrections of few per cent. Given the breehmsstralung character of the emission process, the 
approximation of a soft emitted gluon will be accurate for most missing-energy events that will 
appear in a collider (this is conhrmed by the cross section obtained below, which decreases like 
l/Pc). 

We will call, then, Vc the vertex (to be used in Feynman graphs) for producing the state C 
from two (real or virtual) gluons i and j\ 

Vc = , (4.6) 

where are the gluon polarization and e is the polarization of the closed string state equipped 
with whichever indices A are necessary. 

Note that 

^ / l^<^l^ 2(2tr)5 ^ 2Im[klD3] = 2s ((To(s) + e{s - 4)ai(s)) . (4.7) 

Here H £)3 is eq.(2.2) for the case p = 3, A is the closed state KK-momentum transverse to the 
brane and s = Mq -|- = s — 2pc\fs is the square mass including the KK-momentum. 


The cross-section for the process a + h ^ C + c will be 


da 


1 



d^Ad^Pc d?Pc 
2{2TifEc2{2Tifp, 


{2'Kf5^{pc +Pc) {2'K)5{2pa 


Pc-Ec) 


1 p d?Pc 

2(27r)3p^ 


(4.8) 


where 

^ 

By dimensional reasons [F] = and we look for the leading terms that is the ones 
proportional to pY since pc is the smallest energy scale. These terms can only come from the 
(modulus square of the sum of the) Feynman graphs having a pole in the Mandelstam variables 
t = —2pa ■ Pc,u = —2pb ■ Pc, due to an the intermediate virtual gluon. Therefore we compute 
Ac by considering only those two graphs (see hg. 1, I and II). 

The resulting cross-section will be of the form 


da = -/dfis— , (4.10) 

s Pc 

where f = f{s, s, a') is dimensionless. Notice the factor ^ characteristic of a breehmsstralung 
process, in this case the breehmstralung of the gluon c which is the soft particle in our process. 


Take for instance the t-channel graph (see hg. EJ I) 

Va^c+e ■ Propagatorc ■ Vc (4.11) 

where Propagator^ ~ and Vc is the vertex for h + e ^ C dehned in dlSl). 

Pe 
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C 




Figure 1: t- and u-channels for the process: a+b —> c+C (missing, closed-string state). 


The polarization of e will be computed in terms of the polarizations and the momenta of a 
and c by the YM vertex l/(YM)a^c-i-e- One can check that the resulting polarization satishes 


Ce ' Pe 0. 

We get: 


/lc = 


‘ipaPc 


(4.12) 


Note that \pl\ = |(Pa—Pc)^| = "^PaPc « ^ and therefore, since the scale is set here by 1/a', 
we can take Vc to be the vertex to be computed in string theory for massless h and e. Thus 
eq. (HID holds. 

By inserting \Ac\^ in we get 


F = W-2\m[ADz] , (4.13) 

where W depends on and 6 and will be explicitly computed below for the various cases 
i,ii,iii). 

Therefore 

dac = -pa« + e(s-i)a,)W,A^^, (4.14) 

In our approximation a'(s — s) << 1 and thus we can take aop to depend on s. Therefore the 
only dependence on pc, 9 is inside W. 


i) gluon-gluon initial state. We recall the kinematical factor K (12.4|) 


(4.15) 


for the amplitude Aj:,^ =9 + 9 —*■ closed string -^9 + 9 (forward scattering corresponds to 
1 ^4, 2^3). 

We use = C/s fo indicate the particle a with color s etc. For the (t,u)-channel we get 


C/p = CCrViYM)^^ = 9YMfsre{Cr ' CriPa,b + Pc)p " 2p, ■ C:’'’C/. " 2pa,b ' C/CpT) • (4-16) 

We keep only the last term of this expression since the others give sub-leading contributions 
(see the contractions in the following formulas). Thus we dehne: 


C = -9YM{2p.,b ■ C/)C/r iQsfsre ^ C/“) , 


fie 




'ifie . 


(4.17) 
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, P(t,u)f, = P(a,b)f, - Pcf, ■ (4.18) 

Note that in the vertex producing the closed string state, the color indices of the two gluons are 
contracted together, since the closed state is colorless (technically this is due to the Chan-Paton 
rules [7]). We have (since Pb ■ = —Pa ■ 


E 


dn^A^ 

2(27r)'5 




t 


u 


U 


)T^-^e^|2 = 2Im[7lz,3] 


(4.19) 


where in Ini[74£)3] we have to replace (Ci ■ C 4 )(C 2 ■ Cs) with the term W 


c^2 


41^ ~ dVM^iPa ■ Cr) 


(c^o)(c^cl)^ (C-C)(a-ao 


t2 


- 2 




(C • CM • C) 

tu 


fsrhfs 


rh' 


here ^^*4 the sum is over colors s, s', h, h' at hxed c. 

The last interference term corresponds to the amplitude (2.2) with C* + + C’' which 

is forward in the sense that (p* — p“)^ = 0, (p^ — p“)^ = 0. 

We average over and sum over getting for SU(N) 


9ymN 1 4 


(7V2 _ 1) p2 • 


(4.20) 


In conclusion we get^ for SU(3), after integrating over 0, 


da = (do + 6{a s 


4)cri)as 


2 3 dpc dO 
718 Pc sin(0) 


(4.21) 


ii) quark-antiquark initial state. We recall the kinematical factor K (12.51) 

K = a's2a'{v2sYv3r)iuArl,j,Uis) , (4.22) 

for the amplitude = q + q —>■ closed string —> q + q, that is Mi(/ci)+ h 2 (/c 2 ) —*■ ^ 4 (^ 4 )+ 73 (^ 3 ) 
(forward is 1 —> 4 and 2 —> 3). We have indicated the color indices s,r. We normalize the 
spinors by requiring that the current is the same as in the bosonic case: U'j^u = p^. With this 
normalization the Dirac average is {ugUr) = ^'^ 4 . 

Our initial state is and we call (h“) the intermediate quark (anti-quark). Let us 

call vV^ueA the vertex for producing the closed state from q + q. The leading amplitude for F 
comes from the two graphs with a pole in the t and u channels 

At = v^V^^eA , Au = v'^V^u^eA ■ (4.23) 


Here 


t (Pt •7)(Cc-7)fcM“ .^ 4 ^ 

U = QyM -: - with Pt=pa-Pc , 


P“ = 


-Qym- 


t 

vHcCc -IPu-l 


u 


with Pu = Pb - Pc ■ 


(4.24) 


2 We have checked that our result coincides with the expression obtained using the amplitude in eq.(4.14) 
of [6], in the particular case considered there, by taking the relevant limit and normalization. 
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tc is a SU(N) matrix in the fundamental representation Tr{t‘l) = 1/2. Now we have 






\At + Au\‘^ — 2Im[y4£)3] , 


2(27r)5 

where in Im[y4£)3] we have to replace ('U 2 s 7 ^W 3 r)('U 4 r 7 ^Mis) with the term 


(4.25) 


(4.26) 


The last interference term corresponds to the amplitude (2.2) with u^i^pt) —>■ u°‘{Pa) v^iPb) 
which is forward: t = {pt — PaY = {pb — PuY = Pc = 0- 
Now we substitute the expressions for Ut, Vu and we make the Dirac and color average over 
our initial states. We hnd: 


■ IPt ■ llt^Pt ■ iCc ■ 7 m “) 


^2 s 


iV28t2 2 


16(pi-Cc)^ (4.27) 


We have kept only the leading terms (those proportional to four powers of pa = Pb) noting that 
PfCc^Pa- Cc, Pb-Pt^Pa- Pb- Similarly 


For the last term we get 


((h:7X)«7M<)) 




^2 s 


iV28M2 2 


-16(pi ■ Cc) • 


9 


N^32tu 2 


-64(pi ■ Cc 


(4.28) 


(4.29) 


The hnal result is 


a's2aQ - («'s)22^(pi ■ Cc)^(^ + ^ + —) 


= (a'.)^2 


4 


N2 4p2p2 _ cos2(0))" 


(4.30) 


We can express the result of the quark-antiquark case by saying that: in Im[74£)3] we have to 
replace (Ci ■ C 4 )(C 2 ■ Cs) (case of the gluons) with the term W, which after summing over the 
polarizations and the colors of the emitted gluon is 


W = 


g\N^ - 1) 


1V2 p2 gjj^2 Q 

In conclusion, after integrating over 0, in the case of SU(3) we get 

8 dpc dO 


(4.31) 


da = ((To -|- 9{a's — 4:)ai)as 


Ott Pc sin^ 


(4.32) 


iii) quark-gluon initial state. We hnd that in this case da is sub-leading with respect to 
i) and ii) by a factor pdPa- This is due to the fact that in the t-channel we get a gluon 
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rsj 


C* ~ u{pc)'Jij,u{pb) and in the u-channel we get a fermion ~ 7 ■ p^'y ■ C“m(Pc)- Thus in the 
average over u{pc) there is an extra power of Pc in the numerator. 


Integrated cross-section. The result for da are the same, up to a constant which is also 
numerically rather similar, for the cases i) and ii), see eqs. fiono^ . In our approximation 
(To,! are independent of Pc and 6. Therefore we can easily perform the integration on those 
variables, in particular for a range A9 around 7 r /2 such that sin{6) ~ 1. We get 

a = A—{ao + 6{a's - 4)ai) log AO , (4.33) 

where ^ is 6/8 for case i) and 8/9 for case ii). 


5 Analysis of the parton cross sections 


In the previous Section we have evaluated the cross section for the case in which the hnal state 
contains, besides the “missing” closed string, a gluon with transverse momentum (which is small 
as compared to Mg ), as a function of the center of mass energy squared up to s = 8 M/. The cross 
section is proportional to (EH, (inZD, (1^^ and has poles coming from the Gamma functions 
at a's = 1, 3, 5, 7, representing open string resonances. The poles have been regularized by 
including hnite widths of the open string resonances (of order F = 0{asMs)) according to the 
following recipe. We re-write the factor r(i — ^) in ()2.17j) . ()2.18|1 . which contains the poles, 
as: 


a's. 


|r(- - 

' ^2 2 


vr 


TT 


c(r) 


r( 


1 _|_ a's ' 

2 2 ' 


2 cos^ I 


TT- 


r( 


1 _ 1 _ Pi's ^ 

2 2 ' 


cos (|(a's -I- ia'^/sT)) / 


(5.1) 


with c(r) = -yptfryyi sinh^ (Ia/^F) in order to match the l.h.s of (j3.4j) when ^ y'^ + a'F^ for 

p ^ 0. 

The widths of open string resonances a's = 2n -|- 1, with n > 1, are not known. We have 
taken in (EH) the numerical value of F at n = 0 estimated in Section 3, considering for all 
the different resonances the same averaged value (either F^^ or Tqg) depending on the initial 
state, consisting of two gluons {gg) or fermion and anti-fermion (qq). One expects more massive 
resonances to have larger widths since at higher level there is more phase space and more decay 
channels available. This fact is qualitatively taken into account by our prescription (EH), which 
near a pole a's = 2n+ 1 reads 


1 a's 2 4 / sinh(|A/^r) \ 

2 2 ^ n!a'F2 ^sinh (f V2n + Iv^F) ) 


(5.2) 


so that the width of the resonance effectively increases as n is increased. 

We have seen that the differential cross sections for gluon-gluon eq.(4.21) and quark- 
antiquark eq.(4.32) are proportional to a = cro-|-0(a's —4)cri, the difference being the numerical 
factor in front and, more importantly, the widths. In Fig.2 we show pc sin 9 x da/dpcd9 for both 
cases, in units of a', as a function of a's (s being the square of the CM energy). Note that, in 
the range of validity of our approximations, this is independent of Pc and 9. We take a^ = 0.1. 
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Figure 2: Process gluon+gluon —> closed-string(missing)+gluon (continuous line) and 
quark+anti-quark —>• closed-string(missing)+gluon (dashed line), cross-section in units of a', 
as a function of a's. 



Figure 3: Process gluon-|-gluon —> closed-string(missing)-|-gluon in the case of two large and 
four small (with radii R = v^) extra dimensions. 


As explained in the previous section, the case gluon-quark —> closed-string(missing)-|-quark 
is sub-leading and quark-quark —closed-string(missing)-|-any is forbidden by color symmetry. 

In Fig.3 we show the gluon-gluon cross section in the case when two of the extra dimensions 
are large and the remaining four dimensions are small with radius R = . The relevant 

cross-section formula is obtained by replacing, in the phase space factor in m, the integrals 
over momenta in the small compactihed dimensions by the snms over the Kaluza-Klein modes. 
This in tnrns amounts to simply substitute in formula (I4.33|l 

9 _ ^ 

(k - M^)H(s - M^) ^ — Y. 99(5.3) 

ni,n2,n3,n4 j=l 

which produces a number of discontinuities in the cross section. 
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In order to make predictions for the measnrable pp cross section which is relevant for LHC, 
the parton cross sections given here have to be convoluted with the parton distribution func¬ 
tions. In addition, one would need to study the dependence on physical observables for jets. 
The main effect of the parton distribution functions will be to smooth out the various struc¬ 
tures of the parton cross sections, like peaks and discontinuities. It would be interesting to 
investigate whether the possible effects of the string resonances could be recognized from the 
data. This requires a separate analysis by collider phenomenology experts. 


6 Concluding remarks 

Missing energy processes provide an efficient way to look for large extra dimensions. In brane 
world string models, there are many possible processes leading to missing energy, coming from 
the large number of string excitations. Here we have described a simple method to incorporate 
in a closed form all string theory contributions to processes of missing energy by expressing the 
cross section of the process gg ^f-l-missing (or qq —> ^f-l-missing) in terms of the imaginary 
part of a non-planar amplitude. We have also made an estimate of the decay widths. 

The cross section at the peaks is very sensitive to the decay widths. In realistic models the 
widths could be smaller than those presented here, because after supersymmetry breaking some 
of the = 0 states become massive and the phase space for decaying into them is reduced. As 
a result, the size of the cross section could be bigger. 

Another interesting feature of the total cross section is its smooth behavior after going 
through the threshold for production of closed string states of level number A^ = 1. We have 
checked that for a's > 4 the dominant contribution comes from the A^ = 1 states, while the 
contribution of the A^ = 0 states is signihcantly smaller. In general, the string-theory cross 
section is of the form 

CXD 

d(j{s) = cTAr(s) 9{a's — AN) . 
v=o 

In this paper we have computed two terms cto(s) and cti(s), which are sufficient in order to 
explore CM energies up to s = 8M^. All remaining terms give vanishing contribution at 
s < 8Mg. It is worth noting that for large s both terms cro(s) and cti(s) go exponentially 
to zero, due to the factor in (ET7D, (ITTSl) . It is plausible that this will be true for all 

(Jtv, i.e. that each individual term (corresponding to all string contributions of a given mass 
M = 2^/NMs) is exponentially suppressed at large s. The explicit form of cxo and cxi suggests 
that at large s a generic term should have the form aj^^s) = cj^a'a^ (a's)^^ {a's — AN)'^ 

It would be interesting to see if this is indeed the case. 

In conclusion, the cross section for the leading missing transverse momentum process ex¬ 
hibits a typical pattern with peaks and zeroes at periodic values of the CM energy, where the 
widths and the heights of the peaks are given in terms of the string scale Mg and ag- We 
provide a quantitative picture of this pattern, taking a basic string model, see hgs.(2, 3). We 
hope that the present results may help to look for experimental signals of genuine string theory 
effects at high energy colliders. 
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Appendix A Cross-sections in presence of reso¬ 
nances 

The formula (EH) can be obtained from unitarity, as follows. 

Near resonances, we expect the S-matrix to have the following form: 

Ri i?2 


S = S.+ 


+ 


E — Er + E — Er + 


(A.l) 


where we have supposed that there are two resonances at the same energy with two different 
decay widths. 

By unitarity: 

S^S = 1 , 

whence 

^ SlSo = 1 

{E-Er + i^)RlSo + {E-Er- i^)SlR^ + = 0 

T R 2 R 1 ~ 0 

We can parametrize 

Ri = -iViAiSo , 


(A.2) 


(A.3) 


and the system becomes: 

SlSo = 1; 

Therefore we can write 


aJ = Ai : Af = Ai 


A\A2 + A 2 A 1 — 0 


4* = 4* = 

^ ^out,in / j ^in 


(A.4) 

(A.5) 

(A.6) 


where r* are quantum numbers distinguishing the various resonant states and are orthonor¬ 
mal vectors. 

Using for states \in) and \out) a partial wave basis {n}) where j is the total angular 
momentum, is its third component and {n} is a collection of the other quantum number 
characterizing the state, due to angular momentum conservation we can write 

jz 

The cross section for a process a —*■ 6 is then (see [16], Ghapter 3) 

16 7rv-,„. .. 


a = 


Af 


+ 1) 


(s - M2)2 + r2M2 ’ 


(A.7) 


where A/” is a numerical factor giving the multiplicity of the initial states and Tja(b) = Tj | 
is the partial width corresponding to the decays of resonance \j) into states \a{b)). 
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